Abstract. In this paper we give a new point of view for optimizing the definitions related to the study of singularities of normal varieties, introduced in [dFH09] and further studied in [Urb12a] and [Urb12b], in relation to the Minimal Model Program. We introduce a notion of discrepancy for normal varieties, and we define log terminal + singularities. We use finite generation to relate these new singularities with log terminal singularities (in the sense of [dFH09]).
Introduction
In [dFH09] de Fernex and Hacon define a pullback for Weil divisors, giving two possible natural choices. In this paper we motivate, under the point of view of the Minimal Model Program, which one seems to be the most reasonable to work with and we further study properties of these singularities.
In [dFH09] , de Fernex and Hacon defined a notion of discrepancies for normal varieties. In particular, their approach is via introducing a pullback for Weil divisors, obtained with a limiting process (cf. Section 2). This new pullback has most of the expected properties, however it is not linear, i.e. when a divisor D is not Q-Cartier, in most cases
This gives rise to two choices for the relative canonical divisor
where f : Y → X is any proper birational map of normal varieties. The first one is related to the notion of log terminal and log canonical singularity, whereas the second to the notion of canonical and terminal singularity. For this reason some pathologies may occur. Fox example, in [Urb12a, 4 .1] the author gives an example of a variety with singularities that are canonical but not log terminal. One of the main point of this work is to study the properties of singularities with respect to these two different relative canonical divisors, and relate them.
In sections 2 and 3 we review the main definitions of [dFH09] . We will prove that also K + Y /X can be deterermined looking at (antieffective) boundaries, fact that a priori had no reason to be (see corollary 3.9).
In section 4 we discuss limiting discrepancies, using the relative canonical divisor K − Y /X . We will show that these discepancies work as in the usual Q-Gorenstein case. In section 5 we will focus on singularities determined by K + Y /X . In particular we will define log terminal + singularities, which will correspond to K + Y /X > −1 (for every resolution f : Y → X). One of the two main results of this work will be in this setting. We will prove the following. Theorem 1.1 (Theorems 5.10 and 5.15). If X is a lt + normal variety, then R(X, K X ) is finitely generated over X. Moreover, in this case, X is klt if and only if R(X, −K X ) is finitely generated.
This result is an extension in the lt
+ setting of a result proved by the second author in the canonical case in [Urb12b, 3.7] . The finite generation of this ring is enough to construct a small birational morphism to the original variety that resembles the outcame of a flip. From the point of view of the MMP, thus, the finite generation of R(X, −K X ) is not essential (remark 5.12). Moreover, as klt singularities are lt + , this is a broader class of singularities where finite generation of R(X, K X ) is known (remark 5.12).
In section 6 will focus on the properties of divisors D on a normal varieties X such that R(X, D) is finitely generated. To such a divisor we will associate an ideal sheaf D(D) ⊆ O X . The construction of such ideal is based on the notion of defect ideals of [BdFF12] . Using this ideal we will prove the following theorem Theorem 1.2 (Corollary 6.5). Let X be a normal lt + variety such that D(K X ) = O X . Then X has klt singularities.
Valuations and divisors
Unless otherwise stated, all varieties are normal over C and all divisors are RWeil divisors, that is, R-linear combinations of prime divisors. By log resolution of a variety X, we mean a proper birational morphism f : Y → X from a smooth variety Y , with the exceptional locus being a simple normal crossing exceptional divisor. Let X be a normal variety. The basic idea of [dFH09] for pulling back Weil divisors is to think of them as sheaves in the function field of X (which is a birational invariant). All the definitions in this section are contained in [dFH09] .
A divisorial valuation on X is a discrete valuation of the function field k(X) of X of the form ν = qval F where q ∈ R >0 and F is a prime divisor over X, that is a prime divisor on some normal variety birational to X. Let ν be a discrete valuation. If I is a coherent fractional ideal of X (that is, a finitely generated sub-O X -module of the constant field K X of rational functions on X), we set
If Z is a proper closed subscheme of X, we set
where I Z is the ideal sheaf of Z. These definitions extend by linearity to R-linear combinations of fractional ideals or closed subsets.
Definition 2.1. To a given fractional ideal I we can associate a divisor, called the divisorial part of I , as
where the sum runs over all the prime divisors on X.
We notice that div(I ) can be characterized as the divisor on X such that
Definition 2.2. Let ν be a divisorial valuation on X. The ♮-valuation or natural valuation along ν of a divisor F on X is
We remark that we could have chosen to evaluate the sheaf of O X (F ) instead, but the above definition is more natural in the philosophy of evaluating ideal sheaves for subschemes. Unfortunately, the natural valuation may fail to be additive even in the Q-Cartier case (see [dFH09, 2.3] 
Definition 2.3. Let D be a divisor on X and ν a divisorial valuation. The valuation along ν of D is defined to be the above limit
We can use these valuations to pullback divisors.
Definition 2.4. Let f : Y → X be a proper birational morphism from a normal variety Y . For any divisor D on X, the ♮-pullback of D along f is
As above, it can be characterized as the divisor on Y such that
Definition 2.5. We define the pullback of D along f as
where the sum runs over all prime divisors on Y .
By definition, we have f * D = lim inf k f ♮ (kD)/k coefficient-wise. We notice that the evaluation along ν and the pullback defined above agrees with the corresponding notions in the case that the divisor D is Q-Cartier.
Proposition 2.6. [dFH09, 2.4 and 2.10] Let ν be a divisorial valuation on X and let f : Y → X be a birational morphism from a normal variety Y . Let D be any divisor let C be any R-Cartier divisor, with t ∈ R >0 such that tC is Cartier.
(a) The definitions of ν(C) and f * (C) given above coincide with the usual ones. More precisely,
Moreover,
(b) The pullback is almost linear, in the sense that
We observe that when working with natural the valuation and the natural pullback, the above properties are no longer true for R-Cartier divisors which are not Cartier, see [dFH09, 2.3] . For example it may happen that 2C is Cartier, but
Lemma 2.7. [dFH09, 2.7] Let f : Y → X and g : V → Y be two birational morphisms of normal varieties, and let D be a divisor on X.
Corollary 2.8. [dFH09, 2.13] Let f : Y → X and g : V → Y be two birational morphisms of normal varieties, and let D be a divisor on X.
Proof. The result comes from the fact that
coefficient-wise.
Relative canonical divisors and boundaries
If f : Y → X is a proper birational morphism (of normal varieties) and if we choose a canonical divisor K X on X, we will always assume that the canonical divisor K Y on Y be chosen such that f * K Y = K X (as Weil divisors). 
As shown by [dFH09] , for all m, q ≥ 1,
and
(coefficient-wise). A priori, we could use these two notions to define the various flavors of singularities, and there is no reason to suspect that one behaves better than the other. The idea is to study these singularities in the context of the MMP.
Remark 3.2. If X is a normal vairety, by boundary on X we will mean a Q-divisor ∆ on X such that K X + ∆ is Q-Cartier. We do not make any assumption on the effectiveness of ∆.
Definition 3.3. Let ∆ be a boundary on X and let f : Y → X be a proper birational morphism. The log relative canonical Q-divisor of (Y, f
where f −1 * ∆ is the strict transform of ∆ on Y . Remark 3.4. With the same computation as [dFH09, 3.9], we find that, if ∆ is a boundary for X and m ≥ 1 is such that m(K X + ∆) is Cartier,
On the other hand, if ∆ is anti-effective and m(K X + ∆) is Cartier,
Lemma 3.5. Let X be a normal variety, and let f : Y → X be a proper birational morphism of normal varieties. Let ∆ be an effective divisor such that Proof. We have to compare
We have
In order to obtain the desired inequality, we need to show that
The first inequality is by definition of pullback. To prove the second inequality, we can assume directly that D is an integral divisor, and show that
. Therefore, it must be F ≤ 0, and thus
. One of the main technical results that enable us to study singularities in this setting is due to [dFH09] . We will reproduce the proof for the convenience of the reader. 
f is a sufficiently high resolution of X, ∆ m can be chosen such that exc(f ) ∪ f −1 * ∆ m has simple normal crossing support. We will call such divisor an m-compatible D-boundary with respect to f . Remark 3.7. We recall that, by log resolution of X we mean a resolution with exceptional locus exc(f ) a simple normal crossing divisor. If D = K X , we will simply talk of compatible m-boundary.
This definition is slightly different from the one in [dFH09, 5.1]. Indeed, if ∆ m is an m-compatible boundary, we are not asking that the map f be a resolution for the pair (X, ∆ m ). For that reason, the log discrepancy of the pair (X, ∆ m ) with respect to f is not necessarily the log discrepancy of the pair (X, ∆ m ). In particular, it may be that the pair (X, ∆ m ) has worse singularities that what is suggested by the map f alone.
Proof. The proof will follow [dFH09, 5.4]. Let T be an effective divisor such that D − T is Cartier. Let L be an line bundle such that L ⊗ O X (−mT ) is generated by global sections, and let G be a general element in the linear system {H ∈ |L | , H − mT ≥ 0}. Let M = G − mT and
We notice right away that ∆ m ≥ 0 and We recall that, from [KM98] , if ∆ is a boundary for K X , we have
Lemma 3.6 and (3.5) can be rephrased as follows (see also [Urb12a, 2.12]). Finally, we can introduce the definitions of singularities. We can use limiting discrepancies to define singularities. Definition 4.3. The variety X is said to satsfy condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) if there is an integer m 0 such that a m (F, X) ≥ −1 (resp. > −1, resp. ≥ 0, resp. > 0) for every prime divisor F over X and m = m 0 (and hence for any positive multiple m of m 0 ).
We recall that conditions M ≥−1 and M >−1 are used by [dFH09] to define singularites.
Definition 4.4 ([dFH09], 7.1).
The variety X is called log canonical (resp. log terminal) if it satisfies condition M ≥−1 (resp., M >−1 ).
Some results that justify the introduction of these conditions are the following. Theorem 4.5. A variety X satisfies condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) if and only if there is an effective boundary ∆ such that (X, ∆) is log canonical (resp. Kawamata log terminal, resp. canonical, resp. terminal).
Proof. For the M ≥−1 and M >−1 cases, this is [dFH09, 7.2]. The same proof given there proves the other cases. We repeat the proof for the convenience of the reader.
Let us first assume that there exists a boundary ∆ on X giving the singularity type. Let m be an integer, such that m(K X + ∆) is Cartier. By remark 3.4, for any proper birational morphism f : Y → X, with Y normal, and any divisor F on
. Hence X will have singularities no worse than those given by the pair.
Conversely, let X satisfy condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) and let m 0 be chosen as in definition 4.3. Let ∆ m0 be an m 0 -compatible boundary for a log resolution f : Y m0 → X of ((X, ∆ m0 ), O X (−m 0 K X )) (see lemma 3.6). For each exceptional divisor F on Y m0 , a m0 (F, X) = a(F, X, ∆ m0 ), which proves that (X, ∆ m0 ) is log canonical (resp. log terminal, resp. canonical, resp. terminal).
Lemma 4.6. Let X be a normal Q-Gorenstein variety. Then X satisfies condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) if and only if X is log canonical (resp. Kawamata log terminal, resp. canonical, resp. terminal). Essentially, we have the chain of implications
We conclude this section by showing that the notion of discrepancy can work for the non-Q-Gorenstein case exactly as it works in the Q-Gorenstein case.
Definition 4.8. Let X be a normal variety. The discrepancy of X is given by discrep(X) = inf E {a(E, X), E is an exceptional divisor over X} (where E runs through all the irreducible exceptional divisors of all (proper) birational morphisms Y → X).
The standard theory of discrepancies can be extended to this setting, as done by [dFH09] . One result that is different in this case is the following (see [KM98, 2.30 
]).
Lemma 4.9. Let X be a normal variety, f : Y → X be a resolution of singularities and let ∆ Y be the Q-divisor on Y such that
For any prime divisor F over X,
with equality if
The above lemma can be formulated more generally in the sense of [dFH09] , for pairs (X, Z) and assuming that f : Y → X is just a proper birational morphism of normal varieties. However, this is beyond the purpose of this paper.
Proof. The proof proceeds as in the log Q-Gorenstein case. Let g : V → Y be a resolution with F a divisor on V , and let h = f • g. We have the diagram
By corollary 2.8,
where B is effective and g-exceptional. Therefore, if A ′ is the discrepancy of h with respect to X and A is the discrepancy of g with respect to (Y, ∆ Y ), then
that is A = A ′ +B, with B effective and g-exceptional. Since the same computation holds for any resolution g : V → Y , this proves the inequality in general. Since B is g-exceptional, (a) is immediate. Case (b) is a particular case of (c), and (c) follows again from corollary 2.8 (K Y + ∆ Y is Q-Cartier, since Y is smooth). As in the Q-Gorenstein case, we have the following result (see [KM98, 2.31(a)]).
Corollary 4.11. Let X be a normal variety. Then discrep(X) = −∞ or −1 ≤ discrep(X) ≤ 1.
Proof. Blowing up a point of codimension 2 contained in the smooth locus we have discrep(X) ≤ 1. If discrep(X) < −1, let E be on a resolution f : Y → X and such that a(E, X) < −1. Let ∆ Y be as in lemma 4.9. Then E appears in ∆ Y with coefficient −a(E, X), and discrep(
This implies that the case discrep(X) = −1 is the broadest class where it makes sense to define discrepancies. We have the following immediate consequences.
Lemma 4.12. Let X be a normal Q-Gorenstein variety. Then discrep(X) ≥ −1 (resp. > −1, resp. ≥ 0, resp. > 0) if and only if X is log canonical (resp. Kawamata log terminal, resp. canonical, resp. terminal). . We recall that in [dFH09] , a normal variety X is defined canonical (resp. terminal ), if a + (F, X) ≥ 0 (resp. a + (F, X) > 0) for all prime divisors F , exceptional over X.
Definition 5.2. Let X be a normal variety. we say that X has log terminal + , or simply, lt + , singularities if a + (F, X) > −1 for all prime divisors F , exceptional over X.
Lemma 5.3. Let X be a normal variety. If X has (Kawamata) log terminal singularities, then it is lt + . The converse is true if X is Q-Gorenstein.
For a generic normal varity X, asking that a + (F, X) > −1 for all F , or asking that inf{a + (F, X)} > −1 is the same, as the next lemma shows.
Lemma 5.4. Let X be a normal variety, and let f : Y → X be a log resolution, i.e. the exceptional locus of f is a simple normal crossing divisor. If a + (E, X) > −1 + ε for all prime exceptional divisors E on Y , for some ε > 0, then a + (F, X) > −1 + ε for all prime divisors F exceptional over X. In particular, then, X is lt + .
Remark 5.5. Notice that the hypothesis of this lemma is satisfied if a + (E, X) > −1 for all prime exceptional divisors E on Y , since there are only finitely many such divisors.
Proof. Let h : Z → X be any other resolution, that we can assume is a log resolution factoring through f , and let g : Z → Y so that h = f • g. Let F Y be the reduced exceptional divisor of f , and F Z be the one of h. By [dFH09, 2.13],
which is effective and g-exceptional. Then
We only need to check this expression on the prime divisors on Z which are exceptional over Y . Then,
effective by assumption, and thus so is its pullback; E +,g is effective, as noticed above.
In the same spirit as [dFH09, 8.2], we have the following result.
Proposition 5.6. Let X be a normal variety. Then X is lt + if and only if there exists ε ∈ Q, ε > 0, such that, for all sufficiently divisible m ≥ 1, and for all resolutions of X,
where F Y is the reduced exceptional divisor of f .
Proof. Let X be lt + . By lemma 5.4, there exists ε such that a + (E, X) > −1 + ε for all prime divisors E, exceptional over X (choose an arbitrary log resolution, and choose the value of ε that works for that resolution: it will work for all). We can choose ε ∈ Q. If f and m are chosen as in the statement, with m divisible enough so that mε ∈ N,
Thus,
Conversely, suppose that X is not lt + . Let E by a prime divisor, exceptional over X, such that a + (E, X) ≤ −1. Let f : Y → X be a resolution, with E as one of the components of the exceptional divisor. Since a + (E, X) ≤ −1, for all ε ∈ Q, ε > 0, there exists m such that val 
Remark 5.7. The necessary condition is still true if we substitute ε with any other 0 < ε ′ ≤ ε, or if Y → X is just a proper birational map between normal varieties. Moreover, the divisibility condition on m is only to ensure that mε ∈ Z.
5.2. The canonical ring. Let us first recall some standard definitions from the Minimal Model Program (for references, [KM98] , [Kol08] , [BCHM10] , and [HK10] ).
Definition 5.8. Let X be a normal projective variety and let D be a Q-divisor on X. We define
If f : X → U is a projective morpishm of quasi-projective normal varieties we define the relative version
Remark 5.9. All the above have a natural ring structure. Moreover, R(X, D) is an O X -algebra, while R(f, D) is an O U -algebra.
With the above criterion, proposition 5.6, we can prove the following result (which was originally proven in the canonical case by the second author in [Urb12b, 3.6]).
Theorem 5.10. If X is a lt + normal variety, then R(X, K X ) is finitely generated.
Proof. We may assume that X is affine. Let p : X → X be a resolution (which we can assume projective, [KM98, 0.2]). By [BCHM10] R(p, KX) is finitely generated. Running the relative Minimal Model Program for X over X, we obtain the model X c = Proj X R(p, KX), with induced morphism f : X c → X. Let F X c be the reduced exceptional divisor of f . The variety X c has Kawamata log terminal singularities.
Since X is lt + , there is a rational ε > 0 such that, for any m > 0 sufficiently divisible, there is an inclusion
To be precise, if d is a positive integer such that dε ∈ Z, then for any m ≥ 1,
(see proposition 5.6 and remark 5.7). Pushing this forward we obtain inclusions
The first consequence of this is that, for any resolution f of X, f * (−D) = −f * (D), that is, D is numerically Cartier. The second consequence is the finite generation of R(X, −D), and this comes from observing the relation between finite generation and numerically Cartier (see, for eaxample, [dFH09] , 2.2). In this case, we have that, since D is numerically Cartier, O X (mD) · O X (−mD) = O X for m sufficiently divisible ([dFH09], Definitions 2.22 and 2.24). But then, for any q > 0 and m sufficiently divisible,
The first isomorphism comes from what observed earlier, while the second one from the finite generation of R(X, D). Thus R(X, −mD) = R(X, −D) (m) is finitely generated, which implies that R(X, −D) is finitely generated.
Remark 6.4. The above proof shows that, if D is such that R(X, D) is finitely generated and D is numerically Cartier, then R(X, −D) is finitely generated.
Corollary 6.5. Let X be a normal variety with lt + singularities and such that D(K X ) = O X (or such that X is numerically Cartier). Then X is klt.
